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The possibility of a quantum system to exhibit properties that are akin to both the classically
held notions of being a particle and a wave, is one of the most intriguing aspects of the quantum
description of nature. These aspects have been instrumental in understanding paradigmatic natural
phenomena as well as to provide nonclassical applications. A conceptual foundation for the wave
nature of a quantum state has recently been presented, through the notion of quantum coherence.
We introduce here a parallel notion for the particle nature of a quantum state of an arbitrary physical
situation. We provide hints towards a resource theory of particleness, and give a quantification of the
same. Finally, we provide evidence for a complementarity between the particleness thus introduced,
and the coherence of an arbitrary quantum state.
Introduction.— The wave-particle duality is one of
the core aspects of quantum mechanics. This tells us
about a profound and, within classical intuitions, para-
doxical behavior of nature by which a quantum system
exhibits the property of being both a wave and a particle.
The wave nature of a quantum entity is distinctly re-
vealed in the double-slit experiment. The wave aspect of
a quantum system makes it pass through both slits at the
same time, resulting in interference. This phenomenon
can certainly be explained if the corresponding quantum
system is considered to be a classical wave, but not if it
was a classical particle.
On the other hand, the photoelectric effect is an ex-
ample of a phenomenon where a quantum system exhibits
particle-like characteristics. Contrary to the double-slit
experiment, the photoelectric effect would not be explain-
able if we consider the quantum system as a classical
wave. It is intriguing that there are quantum systems –
photons – that exhibit both wave phenomenon via inter-
ference in double-slit experiment and particle aspect in
the photoelectric effect.
The wave nature of a quantum system was observed
since the beginnings of quantum mechanics, and the
quantum formalism was found to be able to incorpor-
ate it within its folds. However, a more careful conceptual
foundation and quantification of the wave nature, that is
independent of any particular experiment, was presented
only a few years back, where “quantum coherence” was
quantified using a resource-theoretic framework [1, 2]. On
the other hand, the particle nature of a quantum system,
while having been observed and incorporated into the
quantum formalism since its beginnings, to the best of
our knowledge, it has not yet been conceptually formalized
independent of the detailed aspects of the photoelectric
effect. We hope to provide a way to bridge this gap to a
certain extent, and indicate directions towards a resource
theory of “particleness” of a quantum system.
Below we begin by providing a toy model for detection
of particle nature, inspired by the photoelectric effect.
This provides the basis for conceptualizing the particle
aspect of a quantum system, and the corresponding re-
source theory. We subsequently identify the “free states”
of the resource theory, and follow this by considering the
possible “free operations”. Next, we consider the particu-
lar cases of two- and three-level systems respectively. We
then discuss about measures of particleness. Moreover,
we comment on the complementarity between coherence
and particleness for arbitrary quantum states, providing
numerical evidence using Haar-uniformly generated arbit-
rary three-dimensional pure and mixed quantum states.
Model for conceptualizing particle aspect.—Let
us introduce here a toy model for detecting the particle
aspect of a quantum system, taking inspiration from the
photoelectric effect. This will help in quantifying the
particle aspect of an arbitrary quantum system, wherein
a d-level incoming quantum system impinges on an ef-
fectively two-level “solid state system”. The Hamiltonian
of the incoming system is given by H =
∑d−1
n=0 ~ωn|n〉〈n|.
Here, ~ = h/(2pi), with h being the Planck’s constant.
We consider the effective Hamiltonian of the solid state
system to be HSS = ~ω|e〉〈e|, where |e〉 is the excited
state of the effective two-level solid state system. In a
more realistic situation, there can be a band of levels near
the zero level energy of our effective solid state system,
which is being approximated here by a single energy level
with zero energy. Similarly, a possible band of energies
near the excited state energy is being approximated here
by a single excited state with energy ~ω. More generally,
there can be metastable states between the two bands,
and these are being not considered in this toy model. We
do not explicitly write the interaction Hamiltonian. In-
stead, similar to what happens in case of the photoelectric
effect, we assume that if there is an incoming state ρin
(on Cd) such that Tr(ρinH) > ~ω, then the incoming
state has a nonzero “particleness”. For simplicity, we as-
sume the “zero detuning” scenario, so that ωn = nω for
n = 0, 1, . . . , d− 1.
Quantum coherence of a quantum state depends not
only on the state but also on the basis. Indeed, the
slits in an interference experiment defines such a basis,
and the interference pattern changes depending on the
character of the slits. Similarly, the particleness of a
quantum state depends not only on the state but also on
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2the Hamiltonians of the incoming system and the solid
state. We have ignored the transfer mechanism of the
energy from the impinging system to the solid state.
Free states.— In any resource theory, an important
aspect is to characterize the states which will not act as
a resource – the so-called “free states”, which we denote
as ρf . If we consider particleness to be a resource of any
given quantum system, the free states will be those states
which cannot exhibit particleness of the system. This
depends on the triplet consisting of
• the state of the incoming system (ρin),
• the Hamiltonian of the incoming system (H), and
• the “threshold energy ” (~ω) of the solid state sys-
tem.
The free states will be those for which the energy con-
tent of the state is less than or equal to ~ω. Denoting the
set of free states as FS , we have
FS = {ρf |Tr(ρfH) ≤ ~ω}. (1)
It is interesting to note that the set FS is a convex set
and the corresponding “edge states” are those for which
the energy of the system is exactly equal to ~ω.
The states |0〉 and |1〉 are free states for any dimension,
d, of the incoming quantum system, and |1〉 is an edge
state therein. For n = 2, . . . , d, the states |n〉 are resource
states, i.e., have nonzero particleness. We remember that
the states {|n〉} forms the eigenbasis of the HamiltonianH.
If we consider the mixed state ρpf = p|0〉〈0|+ (1− p)|1〉〈1|
(p ∈ [0, 1]), we find that Tr(ρpfH) = ~ω(1 − p), so that
ρpf lies in the interior of the set of free states for all d,
unless p = 0. Interestingly, the state 13I3 =
1
3 (|0〉〈0| +|1〉〈1|+ |2〉〈2|) is an edge state for any input system, since
Tr( 13I3H) = ~ω. A convex combination of this state and
the state |1〉, i.e, a state of the form p3I3 + (1 − p)1〉〈1|
(p ∈ [0, 1]), is an edge state for any p and any input
dimension, d. The facts that 13I3 and |1〉 are edge states
depends on our choice of equally spaced energy levels
and the zero detuning. Changing the Hamiltonians will
change the status of the free as well as edge states.
Existence of witness operators. It is easy to see that the
set of free states is convex, as already alluded to above.
It is also possible to show that the set is compact. To
prove the compactness, first note that FS is bounded. We
now need to show that it is also closed. Since Tr(·H) is
a continuous function of its argument, the pre-image FS
of the closed set [0, ~ω] is closed. Since FS is convex and
compact, it is possible to use the Hahn-Banach theorem
[3] to provide the concept of witness operators for detect-
ing states with nonzero particleness, similar to, e.g., the
concept of entanglement witnesses [4].
Free operations.— Along with free states, it is also
important in any resource theory to characterize the set
of quantum operations which will keep free states as free
states, and these operations are usually referred as “free
operations”.
Let us now define our set of free operations in this re-
source theory as those collections of Kraus operators, Kn,
for which
∑
nK
†
nKn is the identity on Cd (“completeness
condition”), and the energy of any free state is bounded
above by ~ω even after the application of individual Kraus
operators. In other words, the set of free operations can
be given by
FO =
{
{Kn} |Tr(
∑
n˜
Kn˜ρfK
†
n˜H) ≤ ~ω) ∀ρf ∈ FS
}
,(2)
where the completeness condition is implicitly assumed.
The summation over n˜ is over a subset, possibly proper,
of elements of the entire set {Kn}, and where a normaliza-
tion factor Tr(
∑
n˜Kn˜ρfK
†
n˜) is assumed but kept silent in
the notation. It is evident from the above definition that
energy-invariant quantum operations form a class of free
operations. Precisely, these are the Kraus operator sets
for which Tr(
∑
n˜Kn˜ρfK
†
n˜H) = Tr(ρfH) for all ρf ∈ FS .
A subset of the class of energy-invariant free operations
are ones for which the Kraus operators commute with the
Hamiltonian of the incoming system.
Qubit is almost never particle like.— If the incoming
quantum system is a two-level system, let us write the
corresponding state as |ψ〉 = a|0〉+ b|1〉 (a and b are the
amplitudes, |a|2+ |b|2 = 1). In this case, the Hamiltonian
operator determining the energy of the input is given by
H = ~ω|1〉〈1|. In this scenario, for all pure states |ψ〉,
we have 〈ψ|H|ψ〉 = |b|2~ω, which is always ≤ ~ω (since
|b|2 ≤ 1). This implies all the pure states are free states,
and the state |1〉 lies at the edge. Since mixed states are
convex combinations of pure states, they will also lie in
the set of free states, and since there is only a single pure
edge state, there are no non-pure edge states.
All two-level quantum systems are therefore devoid of
any particleness. The scenario changes, slightly, if we
change our definition of free states to one in which the
edge states are resourceful, in which case, exactly one
state, viz. |1〉, becomes resourceful. A qubit will still be
almost never particle-like.
Qutrits: first signature of particleness.— Next we con-
sider physical situation where a solid state system is ex-
posed to a quantum source which is a three-level quantum
system (e.g., a ladder-type three-level photonic system).
This is the lowest dimension where we obtain a finite
volume of quantum states having a nonzero particleness.
The Hamiltonian of the quantum system is given by H =
~ω|1〉〈1|+2~ω|2〉〈2|. A pure state of the incoming system
can be expressed as |ψ〉 = a|0〉+b|1〉+c|2〉, where a, b, and
c are the amplitudes, with |a|2+ |b|2+ |c|2 = 1. The solid
state system on which the incoming particles are incid-
ent is still described by the Hamiltonian HSS = ~ω|e〉〈e|.
There is no emission of particles (e.g., electrons) from
the zero-energy band of the solid state system unless the
energy content of the incoming state is more than ~ω, and
hence there is no signature particle aspect of the system
before that. It is easy to see that the pure state |ψ〉 is free
if and only if |c| ≤ |a|. For a general three-level state ρ,
3Figure 1. Particleness of a qutrit: Free and resourceful states.
We depict here the free and resourceful states in the space of
density matrices of a three-level quantum system. Free states
form a convex and compact set. The states 1
3
I3 and |1〉 are
edge states. The state |0〉 is free but is not an edge state. The
state |2〉 is a resourceful state.
it is free if ρ11 + 2ρ22 ≤ 1, where ρnn is the nth diagonal
element of ρ, when written in the energy eigenbasis.
Measure of Particleness.— In the next step, we
look for possible ways to quantify particleness of the
incoming quantum system ρin. One way to do so can
be to use a concept akin to the definition of distillable
entanglement [5]. In that case, one begins by identifying
a state that is the most resourceful, which in our case
can be the highest eigenstate of the incoming system
Hamiltonian. “Distillable particleness” of an input state
can then be defined as the asymptotic fraction of the most
resourceful state, per input state, that can be obtained
by free operations. In this paper, we follow a different
track, viz. the distance-based approach.
Distance-based measure of particleness.— We study
here a distance-based measure of particleness, PD(ρin),
of a quantum state, ρin on Cd, given by PD(ρin) =
minρf∈FS D(ρin, ρf ), where D(ρ, σ) is a distance func-
tion on the space of densities. Since we know that the
state 13I3 =
1
3 (|0〉〈0|+ |1〉〈1|+ |2〉〈2|) is an edge state for
any d, we obtain the following result.
Lemma.— The particleness of an arbitrary quantum
state ρin is bounded above by D(ρin, 13I3).
Next we try to see that whether we can obtain a stronger
bound, when we consider the distance of ρin from a free
state lying on the line joining ρin with a free state in the
interior of FS . See Fig. 1 for a representation. As noted
before, the state ρpf = p|0〉〈0|+(1− p)|1〉〈1| is a free state
for any p and any d. And the state |ψ〉 = a|0〉+b|1〉+c|2〉
(a, b, and c are the amplitudes, with |a|2+ |b|2+ |c|2 = 1),
is free if and only if |c| ≤ |a|. Consider now the state
ρ(p, q) = qρpf + (1− q)|ψ〉〈ψ|, for q ∈ [0, 1]. Considering
a resourceful |ψ〉, for any given p, ρ(p, q) is free if q ≥
|c|2−|a|2
p+|c|2−|a|2 . The equality sign holds for a ρ(p, q) on the
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Figure 2. Complementarity between particleness and quantum
coherence. The points in the scatter diagram correspond
to states of different ranks, and represents the coherence
and particleness of those states. The measures for coher-
ence and particleness used are the trace-norm coherence (Ctr)
and trace-norm particleness (Ptr). The horizontal axis repres-
ents particleness, while the vertical one represents quantum
coherence. All quantities are dimensionless. For each rank (=
1 (red pluses), 2 (blue crosses), 3 (magenta asterisks)), a low
multiple of 103 states are generated Haar uniformly. For non-
rank 1 states, the induced metric is used for the Haar-uniform
generation [6].
edge. Therefore, the particleness PD(|ψ〉) for a three-level
pure state |ψ〉, is bounded by minpD(|ψ〉〈ψ|, ρ(p, qp)),
where qp =
|c|2−|a|2
p+|c|2−|a|2 .
Complementarity between coherence and
particleness.— The wave-particle duality is an
important aspect of experiments that formed the very
basis of the enunciation of the quantum theory of nature.
And while coherence has been regarded as the measure
of the wave nature of quantum systems, we have argued
that particleness is a measure of the particle nature
of the same. It is therefore conceivable that there will
appear a complementary relation between coherence and
particleness for arbitrary quantum states. In Fig. , we
exhibit a (numerically) generated planar scatter diagram
for Haar-uniformly generated arbitrary three-dimensional
quantum states that shows that such a complementarity
is indeed valid. We separately generate states of ranks
1, 2, and 3, Haar-uniformly in each case. The measures
used to plot the diagram are respectively the trace-norm
coherence (Ctr) and trace-norm particleness (Ptr), which
are given by
Atr(ρ) = min
σ∈FS
|ρ− σ|, A = C,P, (3)
and |ρ−σ| = Tr
√
(ρ− σ)†(ρ− σ). Here, FS is the set of
free states of the corresponding measure, so that FS = FS
for A = P , and FS is the set of incoherent states (i.e.,
the states diagonal in the basis {|0〉, |1〉, |2〉}) for A = C
4[1, 2]. The numerically generated scatter diagram points
lie below the line
Ptr + 1.3Ctr ≤ 1.8, (4)
where saturation is attained for certain pure states in C3,
with rank 2 states lying relatively away (and below) the
bounding line in comparison to pure states, and rank 3
states being even farther away. This complementarity
could, we believe, be yet another face of the wave-particle
duality of quantum physics [2, 7].
Summary.— The wave-particle duality is one of the cru-
cial aspects of the edifice of quantum mechanics. While
both the wave and particle aspects were well-known from
the beginnings of quantum mechanics, their conceptual
foundations were not formalized except in particular
quantum systems until recently, when the wave aspect
was quantified, and called “quantum coherence”. We have
proposed a general framework for the particle aspect of an
arbitrary quantum system, and hinted towards a resource
theory of particleness. We also indicate the existence of
a complementarity between the concepts of particleness
and quantum coherence.
Since the notions of quantum coherence and particleness
depends on the choice of basis in the former and that of
the incoming state and solid state Hamiltonians in the
latter, one can associate a myriad of waves and particles
for a single quantum. This is in sharp contrast to the
notion of wave and particle that we have in the classical
world.
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